Abstract. In this text we are going to discuss the relation between monodromy and algebraic cycles.
Introduction
This article is motivated by the following question due to Claire Voisin in [Vo] . Let S be a smooth projective complex algebraic embedded in a projective space P N . Let H t be a hyperplane in P N such that S ∩ H t = C t is smooth and irreducible. Let us consider the closed embedding j t from C t to S and consider the push-forward homomorphism j t * from A 0 (C t ) to A 0 (S), where A 0 denotes the group of algebraically trivial algebraic cycles modulo rational equivalence. Then the natural question is that what is the kernel of j t * . In [BG] it was proved that this kernel is a countable union of translates of an abelian subvariety of J(C t ) (as conjectured by Voisin in [Vo] ). Furthermore we can prove that for a very general hyperplane section C t of S, this abelian variety is either trivial or all of J(C t ), in the case when S is a K3 surface. This was done using an elegant technique in [Voi] concerning monodromy of a Lefschetz pencil of hyperplane sections on S. In [BG] we have further generalised the monodromy technique present in [Voi] usingétale fundamental group andétale monodromy over an arbitrary ground field which is uncountable and of characteristic zero. Furthermore if A 0 (S) is not isomorphic to Alb(S), which is the case if S is K3, then for a very general hyperplane section the kernel of j t * is actually countable.
The aim of this paper is to address the following two questions. One is consider a fibration on a K3 surface (over an uncountable ground field of characteristic zero) which is close to being a Lefschetz pencil. That is a morphism from S → C such that there exists some Lefschetz pencil S → D and we have the obvious triangle commutative. Then what can we say about the kernel of the push-forward homomorphism for a very general t in C. First we prove that for any t such that C t is smooth and irreducible curve the kernel of the push-forward is a countable union of translates of an abelian subvariety A t of J(C t ), where S t is fiber over t and is a smooth irreducible curve. Then by appealing to theétale monodromy argument we get that this abelian variety A t is either zero or J(C t ) for a very general t. This is done by reducing everything to the monodromy of the Lefschetz pencil S → D. Furthermore following techniques in [BG] we get that this kernel is actually countable for a very general t in C. So we get the following theorem.
For a fibration S → C, which is "close to be a Lefschetz pencil", for a very general t ∈ C we have that the kernel of j t * is countable.
The second question is to address the understanding variance of Voisin's question in the case of considering the natural homomorphism from A 0 (C t ) × A 0 (C s ) → A 0 (S) (S a K3 surface over the field of complex numbers), when we consider a net S → P 1 × P 1 , such that each pencil in this net is a Lefschetz pencil. Then by using the monodromy technique we prove that for a very general t, s we have the abelian subvariety A (t,s) of J(C t ) × J(C s ) is either zero or J(C t ) or J(C s ) or J(C t ) × J(C s ). Since S is K3 surface we can rule out the possibility that A (t,s) is equal to J(C t ) × J(C s ). So we get the following result:
For a very general t, s in the net, we have that the kernel of j t,s * from
Also we consider the case when we consider a Lefschetz pencil on S a K3 surface and consider C t × C t inside S × S. Then we prove that:
For a very general t the kernel of
The other one is to understand the Branched covers of a K3 surface and curves on that. Let S → S be a branched cover of a K3 surface. Then consider a Lefschetz pencil on S, then for a general member C t of the pencil, C t (the preimage of C t ) is smooth and irreducible. Then we address the question of theh kernel of j t * from A 0 ( C t ) to A 0 (S). We prove the following result.
The kernel of j t * is a countable union of translates of an abelian subvariety A t in J( C t ). For a general t this abelian variety A t contains an abelian subvariety B t , which is either zero or isogenous to J(C t ). Furthermore B t is actually zero for a very general t.
The organisation of the text is as follows. In the second section we discuss the behaviour of monodormy for an arbitrary fibration which is close to being a Lefschetz pencil. In the third section we discuss the relation between monodromy and algebraic cycles on various constructions arising from a K3 surface and taking a Lefschetz pencil or a net on it.
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Fibration over a smooth projective curve and monodromy
Let S be an even dimensional smooth projective surface with irregularity zero and suppose that we have a regular flat projective morphism f from S to a smooth projective curve C. Let t be a point on C such that the scheme theoretic fiber over t, that is C t is non-singular. We consider the closed embedding j t of C t into S. Then we have j t * from A 1 (C t ) to A 2 (S). We want to understand the kernel of this pushforward homomorphism j t * . We have A 1 (C t ) is regularly isomorphic to the Jacobian variety J(C t ). Then by [BG] proposition 6 we have the following theorem.
Theorem 2.1. The kernel of the push-forward homomorphism j t * from J(C t ) to A 2 (S) is a countable union of translates of an abelian subvariety A t of J(C t ).
Proof. See proposition 6 in [BG] . Now consider an embedding of S into a projective space P N , consider a line D in P N * , such that it gives a Lefschetz pencil on S. Then since C is a smooth projective curve there is a finite map π from C to this line D. Suppose that the composition S → P 1 is same as S → C → P 1 . Then except for the branch locus of π, we have a finite covering from U to U ′ , where U, U ′ are open sets of C, D respectively, we get that for a point t in U, C t is isomorphic to D π(t) , where D π(t) denotes the fiber over the point π(t) in D. Shrinking U, U ′ further we can assume that C t , D π(t) are smooth. This isomorphism induces an isomorphism of J(C t ) and J(D π(t) ). Call that isomorphism η t . Then we have the following commutativity at the level of Chow groups.
This gives us that η t (ker(j t * )) = ker(i t * ) .
By the previous theorem we get that ker(j t * ) is a countable union of translates of an abelian variety A t , and similarly ker(i t * ) is a countable union of translates of an abelian variety B t . So write
Since η t (ker(j t * )) is ker(i t * ) we get that
Assuming that the ground field k is uncountable we get that any projective variety cannot be written as a countable union of proper Zariski closed subsets. From this it follows that
Now by the monodromy argument as present in [BG] we get that B t is zero or J(D π(t) ) for a very general t, this gives us that η t (A t ) is either zero or J(D π(t) , from which it follows that A t is zero or J(C t ), since η t is an isomorphism of abelian varieties. We can also prove that A t is zero or J(C t ) without using the isomorphism η t and using the very nice monodromy argument and the spread argument present in [BG] . We present it here.
Theorem 2.2. For a very general t in C, the abelian variety A t is either zero or all of J(C t ).
Proof. Letη be the geometric generic point of C. Then the Jacobian of Cη is isomorphic to C t for a very general t. So if we consider the push-forward homomorphism jη * from J(Cη) to A 2 (Sη) we get that the kernel of this homomorphism is a countable union of translates of an abeliab subvariety Aη of J(Cη). Let L be a finitely generated extension of k(C) ink(C), such that Aη and J(Cη) are defined over L. Let C ′ be a curve such that k(C ′ ) = L and we have a finite morphism from C ′ to C. Then over a Zariski open subset U ′ of C ′ we spread Aη and J(Cη), to get abelian schemes A , J over U ′ . Let α, β be the morphisms from A , J to U ′ . Then consider the constant sheaf Z/l n Z on A , J . Throwing out some more points from U ′ we can assume that α, β are non-singular, that is the fibers are non-singular, also α, β are locally projective therefore they are proper. So the higher direct image sheaves
Since there is an equivalence of locally constant sheaves on U and π 1 (U,η) modules. We get that the stalks of the above sheaves at the pointη are π 1 (U,η) modules. By the proper base change theorem we have (
n Z) and they are π 1 (U,η) modules. By taking the inverse limit of this cohomologies we get that
is a map of π 1 (U,η) modules as it is induced from the regular morphism A → J .
Since we have a finite map from C to D ∼ = P 1 , we have a map from k(D) to k(C), which gives us a morphism of schemes Spec(k(C)) to Spec(k(D)). Spec(k(C)) is nothing butη and denote Spec(k(D)) asξ. Thenη maps toξ. So consider the following fiber square
Sinceη maps toξ we have thatη is in C × Dξ . Since k is uncountable we can always choose t such that we have that C t is isomorphic to Cη and C t ∼ = D π(t) , and also D π(t) is isomorphic to Dξ. Therefore we get that Cη is isomorphic to Dξ as schemes over Spec(Q) but may not be over Spec(k). Therefore we have that
and the map is a map of π 1 (U ′ ,ξ) modules, where U ′ is such that π −1 (U ′ ) = U. Therefore as in section 4 of [BG] we get that 
Therefore it follows that Aη is either zero or J(Cη) by Tate module reasons. Since J(Cη), Aη are isomorphic to J(C t ), A t for a very general t, it follows that for a very general t, A t is either zero or J(C t ). Also observe that if Aη is zero then A t is zero for all t belonging to the complement of countable union of points in C and if Aη is J(Cη) then A t = J(C t ) for all t belonging to the complement of countable union of points in C.
Lemma 2.3. The set C ♯ consisting of all points t such that A t = J(C t ) is constructible.
Proof. Proof goes in the same line as in lemma 17 in [BG] .
Theorem 2.4. Suppose that A 2 (S) is not weakly rationally representable. Then for a very general t in C we have the kernel of j t * to be countable.
Proof. First we show by using the constructibility of the above set C ♯ that if j t * is zero for a very general t then actually j t * is zero for a general t. Then we take Cη, since A 2 (Cη) = 0 we get that there exists a curve Γη, a correspondence Zη on Γη × Cη such that Zη * is onto from J(Γη) to A 1 (Cη). We can very well choose this curve Γη to Cη, and Zη to be the diagonal in the two fold product of Cη and then we spread Cη to a surface S ′ and the diagonal to a correspondence Z over a Zariski open subset V of some curve C ′ , such that C ′ → C we have a finite map. Then arguing as in theorem 19 in [BG] we prove that A 2 (S ′ ) tensored with Q is equal to the direct sum of the image of Z * and images of the homomorphisms j t * . Then by using the fact that j t * = 0 for all but a finitely many t, we prove that the above direct sum is finite and each of the summands is weakly representable, so gives rational weak representability of A 2 (S ′ ). Since S ′ is a blow up of S, it follows that A 2 (S) is rationally weakly representable contradicting our assumption.
All this arguments are taken from [BG] theorem 19, where they first appeared.
Curves on a surface and monodromy
Let S be a smooth, projective, surface over C. Let us fix an embedding of S inside P N . Let t be a closed point in P N * , consider the corresponding hyperplane H t inside P N and consider its intersection with S, then we get a curve C t inside S. By Bertini's theorem, a general such hyperplane section of S will be smooth and irreducible. Now consider two such curves C t , C s in S. Then we have the following commutative diagram.
Here the morphism from Sym n C t × Sym n C s to Sym 2n S is given by
and the homomorphism from A 0 (C t ) × A 0 (C s ) to A 0 (S) is given by j t,s * = j t * + j s * .
It is easy to see that the above diagram is commutative (since C is algebraically closed). By the Abel-Jacobi theorem
. Following the argument of [BG] , proposition 6 we get that the kernel of j t,s * is a countable union of translates of an abelian subvariety of J(C t ) × J(C s ). Call this abelian subvariety A (t,s) . Now consider a net on S, that is two Lefschetz pencils D 1 , D 2 on S. Then for a general (t, s) on D 1 × D 2 , the curves C t , C s will be smooth and irreducible. Now we prove that for a general (t, s), A (t,s) will either be {0} or J(C t ) or J(C s ) or all of J(C t ) × J(C s ). Suppose also that H 3 (S, Q) = 0. This is the case for example of a K3 surface.
Theorem 3.1. For a very general (t, s) in D 1 × D 2 , the abelian variety
Proof. The argument comes from monodromy. We have a natural monodromy representation of the fundamental group of
′ n } on the Gysin kernels H 1 (C t , Q) and H 1 (C s , Q) respectively, for a very general t, s such that C t , C s are smooth. By theorem 3.27 in [Vo] we have that these monodromy representations are irreducible. So it will follow that the induced representation of
. Consequently, by using the correspondence between Hodge structures of weight one and abelian varieties we have that the only non-trivial abelian subvarieties of J(C t ) ×J(C s ) are either J(C t ) or J(C s ). Now to prove that A (t,s) is either one of these four possibilities we have to show that the Hodge structure corresponding to A (t,s) is G equivariant. So for a general t, s we have an abelian subvariety A (t,s) of J(C t ) × J(C s ). Now consider the isomorphism of C with C(t, s) and view A (t,s) and J(C t ) × J(C s ) as abelian varieties over C(t, s). Let L be the minimal field of definition of A (t,s) and J(C t ) × J(C s ) in C(t, s). Since L is finitely generated over C(t, s) and contained in C(t, s) we have L finite extension of C(t, s). Let S ′ be a surface such that C(S ′ ) is isomorphic to L, respectively and S ′ maps finitely onto P 1 × P 1 . Then we have A (t,s) and J(C t ) × J(C s ) defined over L and we can spread A (t,s) and
Call these spreads as A , J . Then throwing out some more points from U we will get that the morphism from A , J to U is a proper, submersion of smooth manifolds, if we view everything over C(again here we use the non-canonical isomorphism C(t, s) = C). Then by Ehressmann's theorem we have two fibrations A → U and J → U. Since any fibrartion gives rise to a local system and hence a monodromy representation of the fundamental group of π 1 (U, 
which is equal to
Now suppose that α + β belongs to H. We have to prove that for all
is in H, by applying the Picard Lefschetz once again we get that
This proves that if for one very general (t, s), A (t,s) is one of the above mentioned possibilities then for another very general (t ′ , s ′ ), A (t ′ ,s ′ ) will achieve the same possibility.
Theorem 3.2. Suppose A 0 (S) is not isomorphic to the Albanese variety Alb(S). Consider a net of Lefschetz pencils on S as before. Then for a very general (t, s), A (t,s) is actually {0} or J(C t ) or J(C s ).
Proof. This follows by analyzing the argument of theorem 19 in [BG] .
3.3. Self products of curves on self product of K3 surfaces. Let us consider a K3 surface S and embed it into some P N . Let us take a Lefschetz pencil D on S, then for a general t in D we have C t smooth and irreducible in S. So we have a closed embedding of C t × C t in S × S. Then we consider the push-forward induced by this embedding, denote it by j t * from A 0 (C t × C t ) to A 0 (S × S). Since A 0 (C t ) × A 0 (C t ) maps surjectively onto A 0 (C t × C t ), we get that A 0 (C t × C t ) is weakly representable and hence A 0 (C t × C t ) is isomorphic to Alb(C t × C t ), see [Vo] [proof of theorem 10.11]. Then arguing as in proposition 6 in [BG] we get the following.
Proposition 3.4. The kernel of j t * is a countable union of translates of an abelian subvariety A 0t of the Albanese variety Alb(C t × C t ).
Proof. See proposition 6 in [BG] .
A simple computation using Kunneth theorem and Lefschetz Hyperplane theorem shows that
. This tells us that there is a natural action of
, which has the property that any π 1 (D \ {0 1 , · · · , 0 m }, t) equivariant subspace of it is either {0} or H 1 (C t , Q) or H 3 (C t × C t , Q). Now we prove the following.
Theorem 3.5. A 0t is either 0, or an abelian variety isogenous to J(C t ) or it is all of Alb(C t × C t ).
Proof. Let us consider a t such that C t is smooth. Consider the abelian variety A 0t and Alb(C t × C t ). Consider the non-canonical isomorphism of C(x) with C and view A 0t , Alb(C t × C t ) as schemes over
Then L is a finite extension of C(x) and let C be a curve mapping finitely onto P 1 and have function field L. Then we spread A 0t , Alb(C t × C t ) over some Zariski open U in C. Denote the spreads by A 0 , A over U. Now throwing out some more points from U we can assume that A 0 → U, A → U are proper submersions. Therefore the morphisms A 0 → U, A → U are fibrartions by the Ehressmann's fibration theorem. So this will give us that, H 2d−1 (A 0t , Q), H 2g−1 (Alb(C t ×C t ), Q) are π 1 (U, t ′ ) modules for some t ′ which maps to t. Here d, g are dimensions of A 0t , Alb(C t × C t ). Now H 2g−1 (Alb(C t × C t ), Q) corresponds to the Hodge structure H 1 (C t , Q)⊕H 1 (C t , Q) and since A 0t lies in Alb(C t ×C t ) we have that H 2d−1 (A 0t , Q) = H t is inside H 1 (C t , Q) ⊕H 1 (C t , Q). Now we prove that H t is a π 1 (P 1 \ {0 1 , · · · , 0 m }, t)-equivariant module. For that we have to prove that for a generator γ of the above group and for an α in H t , γ.α is again in H t . By the Picard Lefschetez formula we have γ.α = α − α, δ γ δ γ δ γ is the vanishing cycle corresponding to γ. Since π 1 (U, t ′ ) is a finite index subgroup in π 1 (P 1 \ {0 1 , · · · , 0 m }, t), we get that there exists m such that γ m belongs to π 1 (U, t ′ ). Then we get that
is in H t . Applying Picard-Lefschetz formula once again we get that γ.α is in H t . This proves that H t is π 1 (P 1 \ {0 1 , · · · , 0 m }, t)-equivariant and hence we get that H t is either {0} or
Consequently we get that A 0t is either {0} or isogenous to J(C t ) or Alb(C t × C t ).
Theorem 3.6. For a very general t, the abelian variety A 0t is actually {0} or isogenous to J(C t ).
Proof. Follows from theorem 19 in [BG] .
3.7. Rank one projective bundles on K3 surfaces and algebraic cycles. . Consider a K3 surface S and a rank 2 vector bundle of S. Let us embed S inside some P N . Consider a smooth and irreducible hyperplane section C t of S. Then we have the following commutative diagram.
where E t is the pullback of E by the closed embedding of C t into S. Then this gives the following commutative diagram at the level of projective bundles.
C t / / S Then we can ask what is the kernel of the natural push-forward from A 1 (P(E t )) to A 1 (P(E)). By the projective bundle formula we have the following that
then we have the following commutative diagram (it follows from the projective bundle formula that such a diagram is indeed commutative)
Since the vertical arrows are isomorphisms we get that the kernel of
is nothing but the kernel of
Now considering a Lefschetz pencil on S we can prove by theorem 19 in [BG] that for a very general t in the Lefschetz pencil, the kernel of the push-forward from A 1 (P(E t )) to A 1 (P(E)) is countable.
3.8. Branched covers of K3 surfaces. Let S be a K3 surface and let S be a branched cover of S. Let us embed S into some P N . Then consider the smooth hyperplane sections of S inside P N . By Bertini's theorem a general hyperplane section C t of S corresponds to a smooth, irreducible curve C t inside S. Now arguing as in theorem 6 in [BG] we can prove that the kernel of j t * from J( C t ) to A 0 (S) is a countable union of translates of an abelian variety A t of J( C t ). Now take a Lefschetz pencil D on S. We prove that for a general t in D, A t is either {0} or J( C t ). Let us blow up the ramification locus of C t and we can assume that C t → C t is actually a covering. Now consider A t inside J( C t ). Let us consider them over C(x) via the isomorphism of C(x) with C. Let L be the minimal field of definition of A t , J( C t ) and L is a finite extension of C(x). So let C be a curve such that it maps finitely onto P 1 and the function field of C is L. Then spread A t , J( C t ) over some Zariski open U in C. Then throwing out some more points of U, we can assume that we have two fibrations A → U and J → U, whose generic fibers are A t and J( C t ). This gives us that π 1 (U, t ′ ) acts on H t = H 2d−1 (A t , Q) and H 2g ′ −1 (J( C t ), Q), here d, g ′ are dimensions of A t , J( C t ). The later vector space is nothing but H 1 ( C t , Q) and we have H 1 (C t , Q) is embedded into it. So consider H t ∩ H 1 (C t , Q) = H ′ t . Now π 1 (U, t ′ ) is a finite index subgroup of π 1 (P 1 \ {0 1 , · · · , 0 m }, t). Now the standard Picard-Lefschetz formula argument and the fact that π 1 (U, t ′ ) is a finite index subgroup of π 1 (P 1 \{0 1 , · · · , 0 m }, t) we get that H ′ t is a π 1 (P 1 \ {0 1 , · · · , 0 m }, t) module embedded into H 1 (C t , Q). Since the action of π 1 (P 1 \ {0 1 , · · · , 0 m }, t) on H 1 (C t , Q) is irreducible by theorem 3.27 in [Vo] we get that H ′ t is either {0} or all of H 1 (C t , Q). So it would mean that there is an ablian subvariety B t of A t which is either {0} or isogenous to J(C t ).
Theorem 3.9. The kernel of j t * is a countable union of a translate of an abelian variety A t inside J( C t ). Further this abelian variety A t contains an abelian variety B t , which is either zero or isogenous to J(C t ). Now if B t is isomorphic to J(C t ), then we have A t maps onto J(C t ). That would mean that J(C t ) maps to zero under the push-forward from J(C t ) to A 0 (S). But for a very general t, the kernel of the pushforward from J(C t ) to A 0 (S) is countable. Therefore either the very general member C t of the Lefschetz pencil we started with is rational or B t is 0.
